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We explain how, under some hypotheses, one can construct a sequence of finite 
dimensional fcG-modules that lie in certain prescribed additive subcategories, but whose 
direct limits do not. We use these to show that many of the triangulated quotients of 
Mod(fcG) are not generated, as triangulated categories, by the corresponding quotient 
', of mod(fcG) considered as a full subcategory. 

1 Introduction 

' Let G be a finite group, and k an field such that char(fc) divides |G|. The categories mod(fcG) 

and Mod(fcG) are Frobenius categories (see [3] for example, for an explanation), which implies 
that the quotients 
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stmod(fcG) — 



f.g. projective kG— modules 



>. 

st Mod( tG) . M y „ , 

Cn ■ projective kG— modules 

are triangulated categories. Whenever one has a triangulated category it is natural to ask 
if there is a smaller subcategory which generates it. Recall that if S C T are triangulated 
categories, then S generates T if (S, X)t — for all S S S implies that X = 0. It is 
not too hard to show that stmod(ZcG) generates StMod(fcG). Our aim is to show that in 
other triangulated quotients of Mod(fcG) the finite dimensional objects do not often form 
a generating subcategory. We will do this by producing a sequence of finite dimensional 
modules in mod(fcG) that are zero in the quotient, but with direct limit in Mod(fcG) that 
H ' does not become zero. 



2 Modular representation theory and triangulated quotients 

We continue with the assumption that k is a field, and char(fc) divides |G|. We assume that 
the reader is familiar with the content of, say, Alperin's book pQ. 

Definition 2.1 (Relatively projectivity). 

Let it; be a finite dimensional fcG-module. Let V(w) denote the smallest additive subcategory 
of Mod(fcG) that contains w and is closed under tensor with an arbitrary module and arbitrary 
direct sums and summands. 

The class V(w) is sufficient to allow a relative cohomology theory, and a triangulated 
quotient of Mod(fcG). Objects in V{w) are called w-projective. 
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Theorem 2.2. 

Let A be the class of short exact sequences in Mod(kG) that split when tensored with w. 
Then A is an exact structure on Mod(fcG), and the class of objects V{w) constitute the 
projective and injective objects with respect to that structure. Moreover, there are enough 
pro/injective objects, and we can define triangulated quotients 

n,, , „™ Mod(fcG) , mod(fcG) 

StMod to (fcG) := v ' stmod to (fcG) — 



V(w) v '' Pnmod(fcG) 

Proof. See, e.g. 0. □ 

If one picks a subgroup H < G, and sets w = Ind^(fc), then one obtains the usual 
definition of //-projective. The ordinary stable category can be recovered by choosing w = 
kG. 

2.1 Twisting ^//-modules 

We continue with the assumption that A: is a field of characteristic p, and further suppose 
that q is a power of p. Let H be a group, 

^X *0 

a short exact sequence of kH- modules, and let G = H x C q . We wish to use this short exact 
sequence to define a fcG-module, (X,Y,Z)^ H . The reader should think of ? as meaning 
twisted inductior^ . As a vector space sum (X, Y,Z)$ H will be given by 

X + - - - + X +Y + Z+- - - + Z 

9-1 9-1 

and the //-action will be the obvious one in each summand. Thus it remains to describe the 
G 9 -action. Let C q be generated by u. Then u — 1 acts by shifting summands in the following 
manner: 

1 1 di c*2 „ 1 10 

X s ^X ^Y *- Z s *~ Z ^0 



{X, Y,Z)$ H will mean applying c^di, or 0, at some point. 



Notice that (u — l) q — u q — 1 = 0, since applying u — 1 q times to any of the summands of 
{X,Y,Z)f H will ir 
Proposition 2.3. 

G G 

Let X, Y, Z and (X, Y, Z) T H be as above, then (X, Y, Z)\ H is ff-projective if and only if the 
map X — > Y splits. 

Q 

Proof. Consider X®k as a kHxC q module with the diagonal action. The module (X, Y, Z) i H 
is -//-projective if and only if it has the lifting property with respect to //-split short exact 
sequences, thus consider the //-split surjection 

7T : Indg(Resg(X <g> fc)) -» X <g> k 

There is a map from (X, Y, Z)^ H to X ® k given by projection into the first copy of X. Wc 
will show that this map factors through it if and only if d\ : X — > Y is split. 

Suppose that is such that (X, Y, Z)i H — > X ® k factors as tt9. We will use the vector 
space decomposition of (X, Y, Z) ^ H as above, and we can consider Ind ff (X) as a vector space 
sum 

X + . . + X 

<i 

in the usual manner: the summands are indexed by cosets of H, i.e. powers of u. Let us 
write 9 as a block matrix with respect to these vector space sum 



1 l am indebted to Jeremy Rickard for suggesting this construction to me 
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' #1,1 6*1,2 ' ' ' 9l,2q-l 

6= : : : : 

\ Gq.l Oq.2 ■ ' ' Vq,2q-1 

with each 9 r s a fcii-equivariant map. Similarly 7r is given by 

(^1) 

and the projection from (X, Y, Z)^ H to X ®k is 

(1,0,. ...0) 

2<j-2 

From the factorization of the projection as tt9 one obtains 

E *M> £ ^.2, • • • , £ fl <.a«-i) = (1, 0, . . . , 0). 

2 2 2 

We also know that hO = Oh. The reader is encouraged to work out the case of q = 2 by hand, 
and to write down the matrices for larger q. When they have done so they will notice that 
one has the extra relations (indices are to be read mod q) 

r ,a = 9r+l,s + #r+M+l 1 < T < q — 1 (1) 
8q,q-l = 8l,q-l + &l,qdl (2) 

It follows from |T]) by induction on k that 

ft 



"r,s / I . I "r—k+i,s—k 

2 = ^ ' 

for all 1 < s < q — 1. We find it easiest not to insert limits in the sums for what follows. 
Recall that we define (^) to be zero if m is not between and n. Thus, using the relations 
we generated, @, and showing a healthy disregard for indices it follows that 



- °q.q- 

= £(- 
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= £(- 
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?1-M,1 _ £( -1 ) 1 ( q ■ i-, A 



h .4.1 -£(-1) I . j<-'2-,.J 



9- 1\ , 

i - 1 



'1 + 2.1 



9-1 



w = £((-i) 4 ) 2 0i+m 



and thus (recalling that indices are mod q) 

0\,qd = 9i f i = 1 



A" 



which completes the proof that d\ splits. □ 
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3 The inclusion of stmocL(fcG) in StMod„(A;G) 

In this section we will argue that under some reasonable assumptions on G, and w, we may 
show that stmodu,(A;G) does not generate StMod^fcG). The tactic is to write some non-w 
projective module as a direct limit of w-projective modules. In fact, we shall show something 
slightly stronger: the direct limit will not be vtx(w)-projective. First, we will need a way to 
show a module is not iu-projective. 

Lemma 3.1. 

Let X be a w-projective £;G-module, then X is projective with respect to any vertex of w. 

Proof. It suffices to consider the case X = w ®Y. Let Q be a vertex of w and let v be a 
source. Then 

w®Y IndgO) <g> Y ^ IndO ® Resg(F)) 
and we see X is Q-projective. □ 

Now we show that it suffices to pass to the Sylow-p subgroup of G. 
Proposition 3.2. 

Suppose that P is a Sylow-p subgroup of G and let v the restriction of w to kP. Suppose 
that M = lim m a is a filtered colimit in Mod(fcP) where each m a is finite dimensional and 
^-projective and M is not projective with respect to vtx(w), then Indp(A/) = lim Indp^rop,) 
is a non-w-projective /cG-module that is the direct limit of finite dimensional w-projectives. 

Proof. This is reasonably clear by the last lemma. □ 

Thus we may suppose that G is a p-group. The most natural statement (i.e. the one with 
fewest hypotheses) is when w = Ind^(fc). 

Theorem 3.3. 

Let H be a p-group with non-finite representation type, and let G = H x C q . Set w = Ind^ (fc) , 
then StMod llI (fcG) is not generated by stmod to (fcG). 

Proof. The hypothesis on H ensures that there is an indecomposable countable dimensional 
kH- module M. Suppose that we write M as the direct limit of a sequence of finite dimensional 
modules 



lim m n 

Let L n denote the inclusion of m n into m n +± and consider the (non-split) short exact sequence 

U m n — ^ U m n *- M ^ 

which is the direct limit of the split short exact sequences 

N N+l 

-> m n -> JJ. TO ™ m N+l -> 

n— 1 n—1 

G 

Construct the module (]J m n , ]J m n , M)S H as in subsection 12. II This is not i/-projective as 

G 

the map ]J m n — ► M does not split. However, (]J m n , ]J m n , M)S H is the direct limit of the 
modules 

N N+l 
(II m «' II m n,m N+1 

n—1 n—1 

each of which is iif-projective, since U^i 1 Tn n — ► m,N+i is split. Now, any map from a 

G 

finite dimensional fcG-module to (JJ m„, JJ m„, M) ? ff factors through a finite dimensional 
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submodule, and thus through some if-projective submodule. Hence (TJ m n , JJ m n , M)^ H is 
orthogonal to the set of finite dimensional modules. □ 

All that remains is to extend this to the case when w is not a trivial source module. 
Theorem 3.4. 

Let G, H and M be as in 13.31 and suppose that w is a fcG-module with vtx(tu) <g H. 
Suppose that Res^(w) Cg) M is not pure projective. Then stmod to (fcG) does not generate 
StMod^fcG). 

Proof. Let v = Kes H (w). The hypotheses imply that 

>- TJv <8 m n 1 L "> JJw ® m„ 9- v ® M s- 

is non-split, and hence, (JJ v (gi m„, TJ v ® m n , w O M) is not w-projective. This module is 
the direct limit of the modules 

N N+l 

)Vh- 

n—l n—1 

Thus we need to show that these are w-projective for each n. We know that any such module 
is i7-projective, which means it is a summand of 

N N+l 

Indg(Resg((n 

v ® m„, Y[ v ® m n, v ® m N+ i 

)Q) 

n—1 n—1 

but this is nothing more than a direct sum of copies of modules of the form 

Ind^(w ® m n ) = w ® Ind^(m„) 
and thus is ^-projective as we were required to show. 

□ 

We will end by collecting these theorems into one statement. 
Theorem 3.5. 

Let G be a finite group and w a fcG-module with vertex (conjugate to) Q. Assume that G 
and w satisfy the following conditions: 

• if P is a Sylow-p subgroup of G then P is isomorphic to P 1 x C q for some P'\ 

• in such a decomposition Q < G P'- 

• there is a kP' module M such that neither M nor M <8> Res(ui) are pure projective (in 
particular kQ and thus kP' cannot have finite representation type); 

then stmodu,(fcG) does not generate StMod u ,(fcG) as a triangulated category. 
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